A key role of transversality condition in quantization of photon orbital
  angular momentum by Li, Chun-Fang
ar
X
iv
:1
60
9.
07
71
7v
2 
 [q
ua
nt-
ph
]  
6 F
eb
 20
17
A key role of transversality condition in quantization of photon
orbital angular momentum
Chun-Fang Lia
Department of Physics, Shanghai University,
99 Shangda Road, 200444 Shanghai, China and
Shanghai Key Lab of Modern Optical System,
Engineering Research Center of Optical Instrument and System,
Ministry of Education, School of Optical-Electrical and Computer Engineering,
University of Shanghai for Science and Technology, 200093 Shanghai, China
(Dated: April 4, 2018)
Abstract
The effect of the transversality condition on the quantization of the photon orbital angular
momentum is studied. The quantum gauge that is deduced from the transversality condition is
shown to be a Berry gauge. It determines a helicity-dependent reference point relative to which
the position is canonically conjugate to the momentum. As a result, the photon orbital angular
momentum about the origin of the laboratory reference system split into two parts. One is the
orbital angular momentum of the photon about the reference point, which is canonical. The
other is the orbital angular momentum of the photon concentrated at the reference point, which
is dependent on the helicity. Only when the Berry-gauge degree of freedom of a paraxial beam is
perpendicular to the propagation direction, does the total orbital angular momentum reduce to its
canonical part. One of the observable effects of the Berry-gauge degree of freedom is also clarified.
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1
I. INTRODUCTION
In their seminal work [1] Allen and his co-researchers introduced the notion of eigenstate
of the optical orbital angular momentum (OAM), which is described by a phase factor
exp(ilφ) with l the eigenvalue. Since then a continuously growing number of theoretical and
experimental works [2–12] appeared in the literature dealing with the eigenstate of the OAM
at the level of single photons and its potential applications. It is well known [13] that the
canonical quantization of the OAM Lˆ is based on the canonical commutation relation,
[Lˆi, Lˆj ] = i~ǫijkLˆk, (1)
where Einstein’s summation convention is assumed. This commutation relation in turn
requires that the position Xˆ and momentum Pˆ satisfy the canonical commutation relations,
[Xˆi, Xˆj ] = 0, [Pˆi, Pˆj] = 0, [Xˆi, Pˆj] = i~δij . (2)
That is to say, the position needs to be commutative. Quantities Xˆ and Pˆ satisfying (2) are
known as the canonical position and canonical momentum [14], respectively. They are called
canonically conjugate [15]. However, being extremely relativistic, the photon is nonlocal in
position space [16–19]. Its position cannot be commutative [20–25]. As a result, the OAM
of the photon cannot be canonically quantized in accordance with the commutation relation
(1). So how do we understand the above mentioned eigenvalue of the OAM?
Due to its nonlocality, the position-space wavefunction for the photon cannot be defined
[26, 27] in the usual sense [13]. Only the momentum-space wavefunction can. In a for-
malism that is not manifestly relativistic [25], it is a vector function, f(k, t), satisfying the
Schro¨dinger equation
i
∂f
∂t
= ωf , (3)
where k is the wavevector, ω = ck is the angular frequency playing the role of the Hamilto-
nian, and k = |k|. Here there is one peculiar feature that does not usually occur in quantum
mechanics. This is that the vector wavefunction is constrained by the transversality condi-
tion
f ·w = 0, (4)
where w = k/k is the unit wavevector. Because the Schro¨dinger equation (3) together with
the constraint (4) is equivalent to the relativistic Maxwell’s equations [25, 26], the constraint
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(4) can be viewed in quantum mechanics as expressing the relativistic nature of the photon.
In the vector representation, the operator for the OAM about the origin of a laboratory
reference system is given by [25, 26, 28, 29]
Lˆ = −Pˆ× Xˆ, (5)
where
Pˆ = ~k, (6a)
Xˆ = i∇k, (6b)
are the operators for the momentum and position, respectively, and ∇k is the gradient
operator with respect to k. Clearly, if the constraint (4) were absent, the position (6b) would
be commutative and the OAM (5) could be canonically quantized. In a previous paper [30]
I deduced from the constraint (4) a quantum gauge. It characterizes the entanglement of
the polarization with the momentum in such a way that only in a particular gauge can
the polarization be represented independently of the momentum by the Pauli matrices and
therefore be canonically quantized. One of the observable effects of the gauge degree of
freedom was also clarified. In this paper I will go on to discuss how the quantum gauge
determines the quantization of the OAM. Here are the main results.
The quantum gauge identified in Ref. [30] turns out to be a Berry gauge. It determines
a reference point relative to which the position is commutative and is canonically conjugate
to the momentum. As a result, only when considered in a particular Berry gauge can
the momentum be regarded as canonical. The same as the polarization quantum number,
the extrinsic quantum numbers that follow from the canonical position and momentum are
physically meaningful only when they are associated with a particular Berry gauge. This
gives rise to another observable effect of the Berry-gauge degree of freedom. The OAM about
that reference point is a canonical OAM satisfying the canonical commutation relation (1).
The so-called eigenvalue of the OAM about the origin of the laboratory reference system is
actually the eigenvalue of its canonical part in the case in which the Berry-gauge degree of
freedom of a paraxial beam is perpendicular to its propagation direction.
3
II. BRIEF REVIEW OF THE QUANTUM-GAUGE REPRESENTATION
For later convenience, we briefly review how the quantum-gauge representation is deduced
from the constraint (4). As is known, the constraint (4) makes it possible to expand the
vector wavefunction f at each value of k in terms of two orthogonal base vectors. Let be
u and v a pair of mutually perpendicular unit vectors that form with w a right-handed
Cartesian system uvw, satisfying
u× v = w, v ×w = u, w× u = v. (7)
Such unit vectors are not unique. But they can be fixed by a constant unit vector I in the
following way,
u = v×
k
k
, v =
I× k
|I× k|
. (8)
Choosing u and v as the base vectors as usual, we may write f as
f = f1u+ f2v.
Putting the two expansion coefficients f1 and f2 together to form a two-component wave-
function f˜ =
(
f1
f2
)
, we can rewrite f as
f = ̟f˜, (9)
where ̟ = ( u v ) is a 3-by-2 matrix consisting of the two base vectors and vectors of
three components such as u and v are expressed as column matrices. Since the matrix ̟
guarantees that the vector wavefunction (9) obeys the constraint (4), the two-component
wavefunction is no longer subject to such a condition. It constitutes a gauge representation
in the following sense.
The matrix ̟ has property
̟†̟ = I2, (10)
where I2 is the 2-by-2 unit matrix and the superscript † stands for the conjugate transpose.
Multiplying both sides of Eq. (9) by ̟† from the left and using Eq. (10), we get
f˜ = ̟†f . (11)
Since the vector wavefunction is defined with respect to the laboratory reference system, it
follows from this equation that the two-component wavefunction is defined with respect to
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the local reference system uvw that is determined by the unit vector I through Eqs. (8).
We shall see that such a property of the two-component wavefunction will have a decisive
effect on the quantization of the OAM. Once the unit vector I is chosen, the two-component
wavefunction will have a one-to-one correspondence with the vector wavefunction via Eq.
(11), constituting a two-component representation. But for a given vector wavefunction f ,
the two-component wavefunction (11) is dependent on the choice of the unit vector I. This
shows that the two-component representation is a gauge representation. The unit vector
I is the degree of freedom to fix the gauge. To see how the two-component wavefunction
depends on the gauge, we choose a different gauge, I′ say, to fix the transverse axes of the
local reference system,
u′ = v′ ×
k
k
, v′ =
I′ × k
|I′ × k|
.
In this case, the two-component wavefunction is given by
f˜ ′ = ̟′†f , (12)
where ̟′ = ( u′ v′ ). It is remarked [31] that the new transverse axes u′ and v′ are related to
the old ones u and v by a rotation about k. Letting be Φ(k; I, I′) the k-dependent rotation
angle, such a rotation can be expressed compactly as
̟′ = ̟ exp(−iσˆ3Φ), (13)
where σˆ3 =
(
0 −i
i 0
)
. Substituting Eq. (13) into Eq. (12) and noticing Eq. (11), we find
f˜ ′ = exp(iσˆ3Φ)f˜ . (14)
This is the gauge transformation of the two-component wavefunction. We will see in the
following section that so identified quantum gauge is a Berry gauge.
III. CANONICAL POSITION AND BERRY GAUGE
A. Canonical position in a gauge representation
According to Eq. (11), the operators for the momentum and position in the gauge
representation are transformed from their counterparts (6) in the vector representation as
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follows,
pˆ = ̟†Pˆ̟ = ~k, (15a)
xˆ = ̟†Xˆ̟ = ξˆ + bˆ, (15b)
where
ξˆ = i∇k, (16a)
bˆ = i̟†(∇k̟). (16b)
The momentum operator (15a) remains the same as in the vector representation. But the
position operator (15b) splits into two parts. The first part (16a) has the same form as the
position operator (6b) in the vector representation. But because no conditions such as Eq.
(4) exist for the two-component wavefunction, it is commutative,
[ξˆi, ξˆj] = 0, (17)
the same as the momentum operator (15a),
[pˆi, pˆj] = 0. (18)
In addition, it has the following commutation relation with the momentum,
[ξˆi, pˆj] = i~δij . (19)
The second part (16b) is solely determined by the matrix ̟. A straightforward calculation
gives
bˆ = σˆ3A, (20)
where σˆ3 is the Pauli matrix in (13) and
A(k, I) =
I · k
k|I× k|
v (21)
is a vector function depending on the gauge degree of freedom I. Commuting with the
Hamiltonian, this part represents a constant of motion. Moreover, its Cartesian components
also commute,
[bˆi, bˆj ] = 0. (22)
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Eqs. (17)-(19) are nothing but the canonical commutation relations between ξˆ and pˆ. In
other words, the operator ξˆ represents such a position that is canonically conjugate to the
momentum, called the canonical position. The key point here is that the canonical position
is not the laboratory position xˆ. It is instead measured relative to the reference point bˆ
that is determined by the gauge degree of freedom through the vector function A. This
is however in consistency with our previous observation: the two-component wavefunction
is defined with respect to the local reference system uvw that is determined by the gauge
degree of freedom. Now that the reference point for the canonical position is determined by
the gauge degree of freedom, the momentum can be regarded as canonical only when it is
considered in a particular gauge. As a result, the quantum numbers that follow from the
commutation relations (17)-(19) are physically meaningful only when they are associated
with a particular gauge. With the help of Eqs. (17) and (22), it is not difficult to find
[xˆi, xˆj] = iσˆ3ǫijkBk, (23)
where
B = ∇k ×A = −
w
k2
, w 6= ±I. (24)
This shows that the constraint (4) on the vector wavefunction reflects the noncommutativity
of the laboratory position. To understand this commutation relation, let us first discuss the
meaning of the quantity that is represented by σˆ3 by studying the spin operator in the gauge
representation.
B. The spin is independent of the gauge
The spin operator in the vector representation takes the form [25, 26, 28, 29] Sˆ = ~Σˆ,
where (Σˆk)ij = −iǫijk with ǫijk the Levi-Civita´ pseudotensor. According to Eq. (11), the
spin operator in the gauge representation is given by
sˆ = ~̟†Σˆ̟.
Upon decomposing the vector operator Σˆ in the local reference system uvw as
Σˆ = (Σˆ · u)u+ (Σˆ · v)v + (Σˆ ·w)w
and taking Eqs. (7) into account, we find
sˆ = ~σˆ3w, (25)
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where σˆ3 = ̟
†(Σˆ · w)̟. Here we arrive in a simple way at the well-known conclusion
that the spin of the photon lies entirely on its propagation direction. The Pauli matrix σˆ3
represents essentially the magnitude of the spin, known as the helicity. As a result, the
Cartesian components of the spin commute,
[sˆi, sˆj] = 0.
This is what van Enk and Nienhuis obtained in a second-quantization framework [32, 33].
A comparison between the spin operator (25) and the polarization operator [30] in the
gauge representation gives a clear answer to the long-standing question [34–36] about the
difference between the spin and the polarization. In the first place, the spin is only the lon-
gitudinal part of the polarization. In the second place, because the helicity is the generator
of the gauge transformation (14), the spin is independent of the choice of the gauge. This
is in contrast with the polarization that is dependent on the choice of the gauge.
C. The quantum gauge is a Berry gauge
Now we are in a position to show that the quantum gauge is a Berry gauge. Substituting
Eq. (20) into Eq. (15b), we have
xˆ = ξˆ + σˆ3A. (26)
If the laboratory position xˆ is regarded as the analog of the kinetic momentum of an elec-
trically charged particle in a magnetic field and the canonical position ξˆ is regarded as the
analog of the canonical momentum of the particle [37], then the helicity σˆ3 can be regarded
as the analog of the electric charge of the particle and the vector function A can be regarded
as the analog of the vector potential of the magnetic field. That is, A appears as the gauge
potential of the gauge field (24). Indeed, the commutation relation (23) of the laboratory
position that depends on the gauge field (24) is analogous to the commutation relation of
the kinetic momentum of the charged particle that depends on the magnetic field.
Furthermore, consider a different gauge representation I′. The operator in this case for
the laboratory position becomes
xˆ′ = ̟′†Xˆ̟′ = ξˆ + bˆ′,
where
bˆ′ = σˆ3A
′ (27)
8
and A′ = A(k, I′). In addition, from Eq. (16b) it follows that bˆ′ = i̟′†(∇k̟′). With the
help of Eqs. (13) and (10), we get
bˆ′ = bˆ+ σˆ3∇kΦ. (28)
A comparison of Eqs. (27) and (20) gives
A′ = A+∇kΦ, (29)
which is a gauge transformation on the gauge potential with Φ the corresponding gauge
function. This shows that the unit vector I is indeed a gauge degree of freedom. The
meaning of it is explained as follows.
The gauge field (24) corresponding to the gauge potential (21) is a Berry-gauge field
[38] that is produced by a magnetic monopole [39] of unit strength in momentum space
[40, 41]. The gauge degree of freedom I, called the Berry-gauge degree of freedom, indicates
the orientation of the monopole’s Dirac string. The gauge transformation (29) serves to
reorient the Dirac string from I to I′ and is thus a singular transformation [42]. In a word,
each unit vector I represents a particular Berry gauge through the Berry-gauge potential
(21). This result leads us to an unusual conclusion that the commutation relation (23) of
the laboratory position is dependent on the Berry gauge, implying an observable quantum
effect of the Berry-gauge degree of freedom in this aspect.
D. Dependence of the barycenter on the Berry gauge
To show this, we consider in the Berry-gauge representation the simultaneous eigenstate
of the helicity and momentum the wavefunction of which is given by
f˜σ,k0 = α˜σδ
3(k− k0) exp(−iωt), (30)
where α˜σ =
1√
2
(
1
iσ
)
is the eigenfunction of the helicity operator σˆ3 with eigenvalue σ = ±1
and k0 is the eigenvalue of the momentum. Apparently, it is the eigenstate of the operator
(20) with the eigenvalue,
bσ,k0;I = σ
I · k0
k0|I× k0|2
I× k0, (31)
where k0 = |k0|. Observing that the expectation value of the canonical position in this state
vanishes, 〈ξˆ〉 = 0, the eigenvalue (31) is nothing but the barycenter of the photon in the
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sense that it is equal to the expectation value of the laboratory position, 〈xˆ〉 = bσ,k0;I. It
illustrates that the same set of quantum numbers {σ,k0} in different Berry gauge stands
for different eigenstate, having different barycenter. What deserves emphasizing is that the
helicity has crucial contribution to the barycenter. This is why the so-called spin Hall effect
of light [43, 44] can be quantitatively explained by the change of the Berry-gauge degree of
freedom [45].
IV. INTERPRETATION OF THE EIGENVALUE OF THE OAM
Now we are ready to deal with the OAM. The same as the position operator (15b), the
operator in the Berry-gauge representation for the OAM about the origin of the laboratory
reference system also splits into two parts,
lˆ = ̟†Lˆ̟ = λˆ+ mˆ. (32)
The first part
λˆ = −pˆ× ξˆ (33)
represents the OAM of the photon about the reference point bˆ, the barycenter. Thanks
to the canonical commutation relations (17)-(19), it satisfies the canonical commutation
relation of the angular momentum,
[λˆi, λˆj] = i~ǫijkλˆk, (34)
and will be referred to as the canonical OAM. Clearly, it is a constant of motion,
[λˆ, ω] = 0. (35)
The second part
mˆ ≡ bˆ× pˆ = ~σˆ3
I · k
|I× k|
u (36)
represents the OAM of the photon concentrated at the barycenter. Different from the first
part, its Cartesian components commute,
[mˆi, mˆj ] = 0. (37)
But the same as the first part, it is a constant of motion,
[mˆ, ω] = 0. (38)
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As a result of Eqs. (35) and (38), the total OAM is a constant of motion, too.
It is interesting to note that the expression (32) for the total OAM can find its counterpart
in classical mechanics [46]: the angular momentum of a system about a reference point
is the angular momentum of the system concentrated at the barycenter plus the angular
momentum of the system about the barycenter. With the help of Eqs. (34) and (37), it is
not difficult to find for the commutation relation of the total OAM in any Berry gauge,
[lˆi, lˆj] = i~ǫijk(lˆk − sˆk),
in agreement with what van Enk and Nienhuis obtained in a second-quantization framework
[32, 33]. This shows that the total OAM cannot be canonically quantized. Only its first
part, the canonical OAM, can. In addition, the dependence of the second part on the helicity
explains why the total angular momentum of a non-paraxial beam cannot be separated into
helicity-independent OAM and helicity-dependent spin [47].
A paraxial light beam is a photon state in which all the plane-wave component travels
in almost the same direction, the propagation axis. If the Berry-gauge degree of freedom
of a paraxial beam is perpendicular to the propagation axis, it follows from Eq. (36) that
mˆ ≈ 0. In this case, the total OAM is approximately the canonical OAM, lˆ ≈ λˆ. The
paraxial beam that was discussed by Allen et. al. [1] is just such a beam [28]. The so-called
eigenvalue of the OAM is actually the eigenvalue of the canonical OAM.
V. CONCLUSIONS AND COMMENTS
In conclusion, the quantum gauge that is deduced from the transversality condition (4) is
shown to be a Berry gauge. It determines the reference point (20) for the canonical position.
This explains why the OAM about the origin of the laboratory reference system cannot be
canonically quantized. Meanwhile, the difference between the spin and the polarization is
also discussed. The same as the polarization quantum number [30], the quantum numbers
that follow from the canonical commutation relations (17)-(19) are physically meaningful
only when they are associated with a particular Berry gauge. It is thus inferred that only
in a Berry gauge can the photon field be canonically quantized. More importantly, the
same eigenfunction in different Berry-gauge representation describes different photon state.
Specifically, the simultaneous eigenstate (30) of the helicity and momentum in different
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Berry gauge has different barycenter, a phenomenon that was already observed in the spin
Hall effect of light. It is expected that the findings reported here will open up a new area
of research on the photon angular momentum as well as on the quantization of the photon
field.
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